A hydrodynamic model of using quartz tuning forks (QTFs) for density and viscosity sensing, by measuring the resonance frequency and quality factor, has been established based on the cantilever beam theory applied to the atomic force microscope (AFM). Two examples are presented to verify the usability of this model. Then, the Sobol index method is chosen for explaining quantitatively how the resonance frequency and quality factor of the QTFs are affected by the fluid density and viscosity, respectively. The results show that the relative mean square error in viscosity of the eight solutions evaluated by the hydrodynamic model is reduced by an order of magnitude comparing with Butterworth-Van Dyke equivalent circuit method. When the measured resonance frequency and quality factor of the QTFs vary from 25,800-26,100 Hz and 28-41, the sensitivities of the quality factor affected by the fluid density increase. This model provides an idea for improving the accuracy of fluid component recognition in real time, and lays a foundation for the application of miniaturized and cost-effective downhole fluid density and viscosity sensors.
Introduction
The measurement of fluid density and viscosity is essential in petrochemical, food, automotive and textile industries. In automotive industry, on-site monitoring viscosity of lubricants is a key indicator for tracking their performance [1] . In the wine industry, on-line density monitoring during fermentation is also crucial [2, 3] . For more than a decade, tuning fork sensors have been used to detect the density and viscosity of fluids in complex downhole environments [4] [5] [6] [7] [8] [9] . The density and viscosity of reservoir fluids are the main parameters for fluid identification [10] , determining fluid composition and dividing the oil-water interface [11] , which can help oilfield companies determine reservoir recovery rates, predict productivity and guide reservoir development strategies. On the whole, fluid density and viscosity (D-V) sensors are becoming more widely used.
The Butterworth-Van Dyke equivalent circuit is an important method to study the measurement of liquid density and viscosity [12] [13] [14] [15] [16] [17] . In this method, a tuning fork resonator can be seen as a series connection of resistor, capacitor and inductor. The interaction of the resonator with surrounding fluid is modeled by an additional contribution to the impedance. The fluid density and viscosity can be obtained by measuring admittance, resonance frequency or other equivalent parameters. However, the evaluated error of viscosity is too large [18] [19] [20] [21] . For example, the maximum relative errors of liquid viscosity and density measured by J. Toledo et al. [18] with a quartz tuning fork were 26.32% and 3.16%, respectively. These errors of liquid viscosity and density by Liu, Y. et al. [19] with
Hydrodynamic Model
A quartz tuning fork oscillator is composed of two symmetrical, clamped-free tuning fork prongs, which are connected to the central holder. Assume that the cross section of tuning fork prong is uniform over its entire length and the tuning fork is isotropic and homogeneous. Each prong can be individually considered as a clamped-free cantilever beam, and the symmetrical prongs of QTF reduce the number of possible modes. Since the length L of each prong of the tuning fork is much larger than its width l and thickness e, according to the beam theory of Euler-Bernoulli, the governing differential equation for the deflection w(x, t) of the beam [35] [36] [37] is given by
where I is the moment of inertia, E and ρ q respectively represent the young's modulus, density of the beam. When vibrating in fluid, the quartz tuning fork per unit length is subjected to an external force
where F ex (x, t) and F hydro (x, t) represent the applied excitation and hydrodynamic force, respectively. We suppose that the fluid is incompressible with a homogeneous density ρ and dynamic viscosity µ.
Taking the Fourier transform of Equation (1), the governing equation can be expressed as
where the hydrodynamic force per unit length on oscillating cylinder is defined as follows
The constant l is diameter for a circular cylinder, whereas it is the width for a rectangular beam as well [34] . The exact analytical result of dimensionless hydrodynamic function [38, 39] 
where the coefficient Γ r hydro (ω) is related to the added mass of the beam, and Γ i hydro (ω) corresponds to the damping coefficient. Substituting Equations (6) and (4) into (3), we find
This work only considers the first in-plane tuning fork mode, as shown in Figure 1 . Noting that in the absence of dissipative effects [40] , the angular resonance frequency ω 1 of the first vibration mode for the immersed cantilever beam is obtained from Equation (7).
where
3ρ q is the fundamental angular resonance frequency of the beam in vacuum. Depending on the beam boundary condition of clamped-free case, α 1 = 1.875 is the first positive root of 1 + cos(α n ) cosh(α n ) = 0. Quality factor of the first in-plane tuning fork mode for vibration in an incompressible fluid is
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and
If the quality factor is far greater than 1, dissipative effects in the fluid can be ignored. In practice, we did not consider dissipative effects when the quality factor of the tuning fork resonator is greater than 10. By rearranging Equations (11) and (12) , the fluid mass density and viscosity can be rewritten into the following Equations In Equation (10), the approximation values Γ r hydro (ω) = 1 + 2 2 Re and Γ i hydro (ω) = 2 2 Re + 2 Re . In Figure 2 , when the Reynolds number is greater than 1, the relative errors between the approximation values and the real values of the hydrodynamic function are less than 5%.
Thus, the resonance frequency and quality factor of the first in-plane mode of tuning fork vibrating in an incompressible fluid can be simplified to
If the quality factor is far greater than 1, dissipative effects in the fluid can be ignored. In practice, we did not consider dissipative effects when the quality factor of the tuning fork resonator is greater than 10. By rearranging Equations (11) and (12), the fluid mass density and viscosity can be rewritten into the following Equations
where A, B and C are constants. Generally, the resonance frequency and quality factor of QTF sensor are affected by fluid density and viscosity. The hydrodynamic model, as shown in Equations (13) and (14), is used to reverse the density and viscosity of the fluid according to the resonance frequency and quality factor of the QTF.
Model Validation
In the hydrodynamic model, the quartz tuning fork D-V sensor needs to be calibrated before the actual measurements. By measuring the resonance frequency and quality factor of two liquids with known density and viscosity, the calibration parameters A, B and C can be obtained from Equations (13) and (14) . Using the resonance frequency and quality factor of quartz tuning fork reported by J. Toledo et al. [18] and Voglhuber-Brunnmaier T et al. [42] , respectively, to validate the hydrodynamic model, we estimated the density and viscosity values of various liquids after calibration and calculated their relative errors.
Example 1
Referring to the resonance frequency and quality factor of quartz tuning fork reported by J. Toledo et al. [18] , we selected heptane and N35 with known density and viscosity for calibration to get the values of A = 6.3586 m 2 /kg, B = −40667 m/kg and C = 2.8788 × 10 −4 m 3 /kg in the viscosity range of 0.38-55.52 mPa·s and density range of 0.679-0.854 g/mL. Table 1 shows the estimated values of density and viscosity for different liquids deduced from the hydrodynamic model. Figure 3a ,b show relative errors of density and viscosity for the different liquids. 
Model Validation
Example 1
Referring to the resonance frequency and quality factor of quartz tuning fork reported by J. Toledo et al. [18] , we selected heptane and N35 with known density and viscosity for calibration to get the values of A = 6.3586 m 2 /kg, B = −40667 m/kg and C = 2.8788 × 10 −4 m 3 /kg in the viscosity range of 0.38-55.52 mPa•s and density range of 0.679-0.854 g/mL. Table 1 shows the estimated values of density and viscosity for different liquids deduced from the hydrodynamic model. Figure 3a From Table 1 , the relative error of ethanol viscosity evaluated by hydrodynamic model is 16.35%. The reason for large viscosity error of ethanol is that the quality factor of the tuning fork sensor in ethanol measured by J. Toledo et al. [18] is low. To comprehensively compare the accuracy of hydrodynamic model and Butterworth-Van Dyke equivalent circuit used in [18] , the relative mean square error (MSE) was expressed as the average of the square of relative error of the data. The smaller value of relative MSE, the better accuracy of the prediction model to describe the experimental data. The relative MSE for Butterworth-Van Dyke equivalent circuit is 0.03 for liquid viscosity and 0.00042 for liquid density in [18] . However, the relative MSE for the hydrodynamic model is 0.0067 for liquid viscosity and 0.0007 for liquid density. Compared with the work of J. Toledo, the relative mean square Sensors 2020, 20, 198 6 of 12 error in viscosity of the eight solutions evaluated by the hydrodynamic model is reduced by an order of magnitude.
Example 2
As in Voglhuber-Brunnmaier T et al. [42] , we selected sample Liquid 4 and sample Liquid 5 with known densities and viscosities for calibration in the viscosity range of 2-71.149 mPa·s and density range of 0.778-1.820 g/mL. Since the tuning forks mentioned in [18] and [42] are different in sizes, the values of the calibration parameters A = 5.6337 m 2 /kg, B = 28,133 m/kg and C = 3.0547 × 10 −4 m 3 /kg are also different. The estimated values of density and viscosity for the various liquids deduced from the hydrodynamic model are shown in Table 2 . Figure 4a ,b show relative errors of density and viscosity for the eleven different liquids. From Table 1 , the relative error of ethanol viscosity evaluated by hydrodynamic model is 16.35%. The reason for large viscosity error of ethanol is that the quality factor of the tuning fork sensor in ethanol measured by J. Toledo et al. [18] is low. To comprehensively compare the accuracy of hydrodynamic model and Butterworth-Van Dyke equivalent circuit used in [18] , the relative mean square error (MSE) was expressed as the average of the square of relative error of the data. The smaller value of relative MSE, the better accuracy of the prediction model to describe the experimental data. The relative MSE for Butterworth-Van Dyke equivalent circuit is 0.03 for liquid viscosity and 0.00042 for liquid density in [18] . However, the relative MSE for the hydrodynamic model is 0.0067 for liquid viscosity and 0.0007 for liquid density. Compared with the work of J. Toledo, the relative mean square error in viscosity of the eight solutions evaluated by the hydrodynamic model is reduced by an order of magnitude.
As in Voglhuber-Brunnmaier T et al. [42] , we selected sample Liquid 4 and sample Liquid 5 with known densities and viscosities for calibration in the viscosity range of 2-71.149 mPa•s and density range of 0.778-1.820 g/mL. Since the tuning forks mentioned in [18] and [42] are different in sizes, the values of the calibration parameters A = 5.6337 m 2 /kg, B = 28,133 m/kg and C = 3.0547 × 10 −4 m 3 /kg are also different. The estimated values of density and viscosity for the various liquids deduced from the hydrodynamic model are shown in Table 2 . Figure 4a The measuring precision calculated by the hydrodynamic model is close to that reported by Voglhuber-Brunnmaier T et al. [42] , which achieves accuracies in the range of 1% in viscosity and 0.1% in mass density. Voglhuber-Brunnmaier T et al. [42] uses a generalized reduced order model, which is the most accurate method for measuring fluid density and viscosity with tuning fork sensors at present. As shown in Figure 4 , the relative errors of the eleven liquids' viscosity and density were almost within ±1% and ±0.2%, respectively, by using the hydrodynamic model. In general, the hydrodynamic model can evaluate fluid density and viscosity with satisfied accuracy. However, the hydrodynamic model requires less coefficients, which saves computing time. Therefore, this simplified model proposed in this study was reliable and efficient.
Sensitivity Analysis
For resonant D-V sensors, absolute sensitivities cannot be applicable. To globally analyze the sensitivity of resonant tuning fork D-V sensors, the Sobol index method [43] was applied to the hydrodynamic model to quantitatively evaluate the influence of quality factor or resonance frequency affected by viscosity or density. The characteristic of the Sobol index method is that all parameters can change simultaneously in the whole investigable range of parameters. Moreover, the nonlinear and non-monotone models can be studied and analyzed using the Sobol index method. The core idea of the Sobol index method is to calculate the influence of the variance of each input parameter on the total output variance, and then the importance of parameters and their interaction effects can be analyzed. For a given model Y = f (X 1 , X 2 , . . . , X k ), the first-order sensitivity indices
where V(E(Y|X i )) refers to the variance of the conditional expectation within the effective range of the variable X i , and V(Y) is the total variance of the output. Total-effect sensitivity indices
where X ∼i are variables other than the variable X i . V(E(Y|X~i)) is the variance of the mean value of Y for all variables other than the variable X i within the effective range. The total-order sensitivity indices of variable X i include not only the first-order sensitivity indices of variable X i , but also the interaction effects between variable X i and other variables. A sensitivity analysis of the Sobol index method was used to determine the influence of various parameters on the output of hydrodynamic model. According to Equations (13) and (14), the model has two input variables: resonance frequency and quality factor, and two output variables: density and viscosity. Assume that the lower limit of resonance frequency was 25,800 Hz, and the upper limit was 29,810 Hz. The range of the quality factor varied from 11 to 165. We sampled the above two input parameters with a Sobol sequence and selected a sampling point of 10,000. The influence of resonance frequency and quality factor on the calculated results of density and viscosity were obtained. The first-order sensitivity indices and the total-order sensitivity indices for the inputs are shown in Figure 5 .
In Figure 5a , the first-and total-order sensitivity indices for resonance frequency affected by density were much higher than those for quality factor affected by density. It shows that the change of resonance frequency was more sensitive to the density than to quality factor within the range of the QTF measurement. In Figure 5b , the change of quality factor was more sensitive to the viscosity than to density.
We observed that the density of sample Liquid 9, 10 and 11 was much higher than the density of other liquids. Assume that the resonance frequency and quality factor vary from 25,800-26,100 Hz and 28-41, respectively. The sensitivity analysis was calculated again using the Sobol index method. In Figure 5c ,d, the first-and total-order sensitivity indices for the resonance frequency affected by density decrease, however, the first-and total-order sensitivity indices for the quality factor affected by density increase. In other words, when the density of the solution is very high, it will not only reduce the resonance frequency of the QTF, but also the quality factor of the QTF. It indicates that comparing with the quality factor of the QTF in two liquids with similar viscosities and large differences in density, one liquid with higher density has a lower quality factor of the QTF. This explains why the measured quality factor of the QTF in sample Liquid 10, with reported density 1.79 g/mL and viscosity 5.653 mPa·s, was smaller than that of the QTF in sample Liquid 8, with reported density 0.778 g/mL and viscosity 5.75 mPa·s.
A sensitivity analysis of the Sobol index method was used to determine the influence of various parameters on the output of hydrodynamic model. According to Equations (13) and (14), the model has two input variables: resonance frequency and quality factor, and two output variables: density and viscosity. Assume that the lower limit of resonance frequency was 25,800 Hz, and the upper limit was 29,810 Hz. The range of the quality factor varied from 11 to 165. We sampled the above two input parameters with a Sobol sequence and selected a sampling point of 10,000. The influence of resonance frequency and quality factor on the calculated results of density and viscosity were obtained. The first-order sensitivity indices and the total-order sensitivity indices for the inputs are shown in Figure  5 .
(a) (b) (c) (d) Figure 5 . The first-and total-order sensitivity indices for the resonance frequency and quality factor affected by density and viscosity. (a) The first-and total-order sensitivity indices affected by density for the resonance frequency range of 25,800-29,810 Hz and quality factor range of 11-165; (b) the firstand total-order sensitivity indices affected by viscosity for the resonance frequency range of 25,800-29,810 Hz and quality factor range of 11-165; (c) the first-and total-order sensitivity indices affected by density for the resonance frequency range of 25,800-26,100 Hz and quality factor range of 28-41; and (d) the first-and total-order sensitivity indices affected by viscosity for the resonance frequency range of 25,800-26,100 Hz and quality factor range of 28-41. In Figure 5a , the first-and total-order sensitivity indices for resonance frequency affected by density were much higher than those for quality factor affected by density. It shows that the change of resonance frequency was more sensitive to the density than to quality factor within the range of the QTF measurement. In Figure 5b , the change of quality factor was more sensitive to the viscosity than to density.
We observed that the density of sample Liquid 9, 10 and 11 was much higher than the density of other liquids. Assume that the resonance frequency and quality factor vary from 25,800-26,100 Hz and 28-41, respectively. The sensitivity analysis was calculated again using the Sobol index method. Figure 5 . The first-and total-order sensitivity indices for the resonance frequency and quality factor affected by density and viscosity. (a) The first-and total-order sensitivity indices affected by density for the resonance frequency range of 25,800-29,810 Hz and quality factor range of 11-165; (b) the first-and total-order sensitivity indices affected by viscosity for the resonance frequency range of 25,800-29,810 Hz and quality factor range of 11-165; (c) the first-and total-order sensitivity indices affected by density for the resonance frequency range of 25,800-26,100 Hz and quality factor range of 28-41; and (d) the first-and total-order sensitivity indices affected by viscosity for the resonance frequency range of 25,800-26,100 Hz and quality factor range of 28-41. It is generally believed that the resonance frequency of the tuning fork sensor decreases as the density of liquid increase, and its quality factor decreases as the viscosity of liquid increases. However, when the density of one solution is very high, the quality factor affected by density works, such as sample Liquid 8 versus sample Liquid 10 in Example 2, sample Liquid 7 versus sample Liquid 9 in Example 2, etc.
Sensitivity to Temperature
The downhole temperature environment affects not only the density and viscosity of the fluid, but also the resonant frequency of the QTF. To calculate the density and viscosity of the fluid as accurately as possible, it is necessary to analyze the effect of temperature on quartz tuning fork. The resonance frequency of the QTF sensor was evaluated in temperature range from 40 to 70 • C in air. The temperature of the constant temperature bath was adjusted every 10 • C, and the output Sensors 2020, 20, 198 9 of 12 signal of the sensor was detected and analyzed by a high precision Agilent 4294A impedance analyzer, see Figure 6 .
The downhole temperature environment affects not only the density and viscosity of the fluid, but also the resonant frequency of the QTF. To calculate the density and viscosity of the fluid as accurately as possible, it is necessary to analyze the effect of temperature on quartz tuning fork. The resonance frequency of the QTF sensor was evaluated in temperature range from 40 to 70 °C in air. The temperature of the constant temperature bath was adjusted every 10 °C, and the output signal of the sensor was detected and analyzed by a high precision Agilent 4294A impedance analyzer, see Figure 6 . The dependence of the QTF's fundamental resonance frequency to temperature was shown in Figure 7 . The evaluated dependencies of resonance frequencies on temperature ranging from 40 to 70 °C in air were −0.42 Hz/°C. The measured quality factors of Cannon S20 in Example 1 and sample Liquid 6 in Example 2 are almost the same and the measured resonance frequency differed by 54 Hz. However, the reported densities were 0.816 g/mL and 0.855 g/mL, respectively. Therefore, before measuring the density and viscosity of fluid with the QTF in different temperature environment, the QTF needs to be temperature calibrated, such as using circuit design or formulating temperature dependent model. The dependence of the QTF's fundamental resonance frequency to temperature was shown in Figure 7 . The evaluated dependencies of resonance frequencies on temperature ranging from 40 to 70 • C in air were −0.42 Hz/ • C. The measured quality factors of Cannon S20 in Example 1 and sample Liquid 6 in Example 2 are almost the same and the measured resonance frequency differed by 54 Hz. However, the reported densities were 0.816 g/mL and 0.855 g/mL, respectively. Therefore, before measuring the density and viscosity of fluid with the QTF in different temperature environment, the QTF needs to be temperature calibrated, such as using circuit design or formulating temperature dependent model. 
Discussion and Conclusions
The hydrodynamic model presented in this paper was derived and simplified from the beam theory of Euler-Bernoulli. This model was validated to estimate the density and viscosity of the fluids when the measured quality factor of the tuning fork exceeds 10. Compared with Butterworth-Van Dyke equivalent circuit method, the relative mean square error in viscosity of the eight solutions evaluated by this simplified model was reduced by an order of magnitude. In addition, for the tuning fork resonant sensors, the sensitivity indices of the resonance frequency to viscosity increased when the measured resonance frequency and quality factor of the QTFs varied from 25,800-26,100 Hz and 28-41. It explains why the liquid, with very high density, will not only reduce the resonance frequency of the QTFs, but the quality factor of the QTFs. The temperature dependent model and 
The hydrodynamic model presented in this paper was derived and simplified from the beam theory of Euler-Bernoulli. This model was validated to estimate the density and viscosity of the fluids when the measured quality factor of the tuning fork exceeds 10. Compared with Butterworth-Van Dyke equivalent circuit method, the relative mean square error in viscosity of the eight solutions evaluated by this simplified model was reduced by an order of magnitude. In addition, for the tuning fork resonant sensors, the sensitivity indices of the resonance frequency to viscosity increased when the measured resonance frequency and quality factor of the QTFs varied from 25,800-26,100 Hz and 28-41. It explains why the liquid, with very high density, will not only reduce the resonance frequency of the QTFs, but the quality factor of the QTFs. The temperature dependent model and experiments of various liquids at high temperature environment will be studied next.
